1* Introduction* In 1977 Niemi [15] proved that a countablyadditive (c.a.) 1 measure f( ) on the Borel family έ%? of a locally compact Hausdorff space Ω with values in a Hubert space ^f over F, 2 is the projection of a countably-additive orthogonally-scattered (c.a.o.s.) measure f( ) on & with values in a larger Hubert space 3fΓ. More fully, ς(B) = P{ξ(B)}, Be<^, where P is the projection on 3ίί onto £ίf. Stated differently, £(•) has an α orthogonallyscattered dilation to !(•)"• Niemi was influenced by Abreu's 1976 paper [2] in which he gave a sufficient condition [2, Th. 3] for an .^-valued measure to be the projection of a c.a.o.s. measure with values in a larger space J%Γ. However, Niemi interpreted vector-valued measures not as setfunctions but as linear operators on spaces of continuous functions which vanish at infinity. As early as 1970 Abreu [1] had shown 1 We shall abbreviate "finitely additive", "countably additive," "weakly countably additive," "strongly countably additive", repectively, as "f .a.", "c.a.", "w.c.a.", "s c.a.". 2 Throughout this paper F will stand for the real number field R or the complex number field C.
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that every process harmonizable in the sense of Cramer is the projection of a stationary process. In 1978 Miamee and Salehi [14] guided by the work of Niemi, in the course of generalizing Abreu's theorem for processes harmonizable in the sense of Rozanov ([14, Main Th. 5]), derived Niemi's theorem for the case Ω -R, cf [14, Cor. 6] .
To understand the relation of our work with the preceding, we must recall the definitions of an orthogonally-scattered measure and of a quasi-isometric measure, cf. Masani [11] , [12] . Let Sίf be a Hubert space and & be a σ-algebra over a set Ω. An ^"'-valued set function ζ( ) on & is said to be countably-additive orthogonallyscattered (c.a.o.s.) if and only if where μ is a c.a. nonnegative real-valued measure on ^. where P is the projection on 3ίΓ onto ^f. Stated differently, the question is whether such an M(-) has a "quasi-isometric dilation M( Γ This paper is addressed to the operator-valued question just described. In it the fundamental concept of a 2-majorizable measure due to Persson and Pietsch [17] plays a fundamental role, as it does in the papers of Niemi and of Miamee and Salehi. However in our paper this concept, defined so far for vector-valued measures, has to be defined for operator-valued measures. In §2, in our main Theorem 2.9 we give a set of equivalent conditions pertaining to dilatability, 2-majorizability, and the positive definiteness of certain kernels (2.8) . In this theorem and in the rest of this paper, we interpret dilatability in terms of injections into Hubert spaces rather [18] and Rogge [20] . In §3 for the purpose of proving a generalization of this result for operator-valued measures, we give a new proof of the vector result (3.9), with & an arbitrary tf -algebra over an arbitrary set Ω, in which a central role is played by Grothendieck's inequality (3.2). We also give a new proof of the uniqueness of a minimum 2-majorant (3.10) valid for any Ω, originally due to Pietsch, for compact Hausdorff spaces [18, Satz 2] .
In §4 we turn to the question of the 2-majorizability of any W-to-<β^ s.c.a. measure Λf( ) We are able to give an affirmative answer only in the case where either W or ^f is finite-dimensional (4.1), (4.3), unfortunately. We also show for finite-dimensional W the existence and uniqueness of a minimum trace 2-majorant (4.7 and 4.14). We exhibit the explicit form of the minimum trace 2-majorant in the case where Ω consists of 2 points (Example 4.15).
We refer the reader to [22] (α) lf( ) has a 2-majorant fl( )> (/3) M( ) has a quasi-isometric dilation JGΓ( -), (b) The forward implication "=>" has been shown in the proof that (a) => (/3), cf. (1). To prove the converse "«", note that for (5) So fl( ) is a 2-majorant of Λf( ). 
Note for A,Be& and w,w'eW (2) (M(B)*M{A)w, w') w = (M(A)w, M(B)w') w = (M(A)w, M{B)w')^ + (X(A)w, = (M(B)*M(A)w, w') w + {X(B)*X(A)w, w') w = ({M(B)*M(A) + X{B)*X{A)}w, w') w = (H(
A
Proof. (7)=»(δ): By hypothesis we have v£e^, TE(B)S = Af(B) = ΛΓ(JB)* = S*E(B)T*. Thus V5e^, = [TE(B)S + S*E(B)T*]/2 -[S*E(B)S + TE(B)T*]/2
(g)=> (7) 
It is easily shown that the definition of 23^) is independent of the representation of ψ. We shall denote the set of We next prove the key lemma needed for our main Theorem 3.9. , φ n e S(F)
=i h^B i e where ? is a disjoint sequence. Then by (3.7)(a) and (3.6) we have 
Thus (*) is true with K = 7 ||f ||(i3) 2 .
• Proof. Taking K as in Lemma 3.8, let for all ψ e S(R)
Pietsch [18] . Then, by elementary considerations, it may be shown that S( ) is a positive homogeneous subadditive functional on S(R) such that K min ωβ χjψ(α)) ^ S(ψ) <; K-max ωeβ f(ίϋ). Thus by the Hahn-Banach theorem, cf. [25; Cor., p. 103], there exists a linear functional Γ on S(R) such that Γ(^) <: S(^), from which it readily follows that for ψeS(R) 4* The problem of the existence and uniqueness of 2-majorants for operator-valued measures* Let Ω, £%f be as in (2.1). THEOREM ΣΣΣ«ΣΣΣ CufijMiBt n Bj) by Def. 2.6 ,
Let W be a q-dimensional Hilbert space over F and Sίf be an arbitrary Hilbert space over F. Then corresponding to every s.c.a. W-to-J%? operator-valued measure M(-) on &, 3 a s.c.a. W-to-W nonnegative hermitian operator-valued measure H(-) on & with respect to which M( ) is
On the other hand it is easily checked from (1)
Combining (2) and (3) we get the inequality of Def. 2.4.
• Unfortunately we are as yet unable to prove the last theorem for infinite-dimensional W. To point out some other aspects of the existence problem for finite-dimensional W, we need the following lemma, part (b) of which is an adjunct to the Equivalence Theorem 2.9. (b) By 2.9, we have the following sequence of equivalences: 
AΓ(.) has a2-majorant<=>ikf( ) = TE(-)S<=* M(-)* = S*E(-)T* <=> M( )*
It is readily shown that the two integrals defined in (b) and (c) are independent of the representations of / and g and that when the Bi are disjoint we have
JΩ ί=i

We shall denote the set of W-valued &-measurable simple functions by S(W) = S(^f W). We note by (4.4) and Def. 2.4, that is a 2-majorant of Λf( ) iff
£ \ Q (dHf,f) w VfeS(W)
. THEOREM 
(Existence of a minimum trace 2-majorant). Let W be a q-dimensional Hilbert space over F and S^f be an arbitrary Hilbert space over F. Given a s.c.a. W-to-Sff operator-valued measure M(-) on &, there exists a s.c.a. 2-majorant H o (-) of M( ) such that trace H 0 (Ω) = inf {trace H(Ω): H(-) is a 2-majorant of M(-)} .
Proof. By 4.1 the class of 2-majorants of Λf( ) is not empty. Let
and let (jff n ( ))n=i be a sequence of 2-majorants of Λf( ) such that τH n (Ω) \ K. To prove the theorem we introduce the following space and linear functional. Let /«, be the linear space of bounded real functions φ(») on iV + . 9 Define the functional S on /«, by S(φ) = lim^oo φ(n) and observe that 9 N+ and R o + denote, respectively, the set of positive integers and the set of nonnegative real numbers.
it is positively homogeneous, and subadditive. Hence by the HahnBanach theorem there exists a linear functional T on /^ such that T(φ) ^ S(φ) and therefore for each ^( )e4
So T is nonnegative and continuous with respect to the sup norm on s M . Now let 5e^ be fixed and define for w e W, g w (n) = £*(w) by
Since | H n (B)| ^ τiJ n (£) ^ τ£Γ n (i2) ^ τH^β) Vw ^ 1, it follows Then by (2) and (4) (N(B)w, w) w VweW.
Thus using (8) and (3) We claim that the iJ( ) just obtained is the desired J3" 0 (0-We first show that this j EΓ( ) is a 2-majorant of Λf( ).
Let /= Σ^=iWj B .eS(W) with JB t 's disjoint, then by definitions (4.4)(b)(c) and since each H n ( ) is a 2-majorant of M(-) we have
where the last equality follows by (3) and (4). But thus by (2), (5) and ( 
), H( ) is a 2-majorant of M(').
We denote by (11) that
Next, on noting g°w{n) = g w (n) and letting β u , β q be an o.n. basis of W we obtain 
where (/JΓ is any sequence of simple functions converging uniformly to /, cf. (4.4) (a, b) .
Since for a simple function / we have (4.10)
it follows that the integral in 4.9 exists, is well-defined, and also satisfies (4.10). 11 We use the convention that Pi/ is the function defined by {Pif)(ώ) = Pι(ω){f{ω)}, etc.
12 For proving ^-measurability, note that by [3; Th. 8] T(z,ax + by) = aT{z,x) + ϊ>T{z,y) Vα, δθF, Vx, y, z€3tf. In [4] , the words "positive" and "symmetric" are used respectively for "nonnegative" and "hermitian".
